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Abstract

Numerical simulations are performed to study the response of a dendrite as it approaches a solid particle in the melt,
such as may arise in metal-matrix composite solidification. A sharp interface, fixed grid numerical method is employed.
A pure under-cooled melt is used to grow the dendrite. When the dendrite approaches the particle, appropriate inter-
facial conditions are specified at the particle-solid interface before and after contact. The behaviour of dendrites as they
approach and grow around the particle is closely examined. For a particle to melt thermal conductivity ratio k ¼ kp

kl
< 1

corresponding to the situation for metal-matrix composites, for the parameters employed, the solidification front does
not approach close enough to the particle to activate the particle pushing mechanism. Instead, the solidification front
chooses to go around the particle, and eventually the particle is engulfed by sidebranches. Thus an entrapment mode of
front-particle interaction is the likely outcome under dendritic growth conditions for k < 1.
� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

The interaction between a particle and a solid–liquid
interface is important in many applications, particularly
in the processing of metal matrix composites (MMC). A
particle will do one of three things when a (planar) freez-
ing front approaches it: (1) it will be pushed along with
the moving front, (2) be engulfed in the front instanta-
neously, or (3) it will be pushed followed by engulfment
[1,2]. When a particle is approached by an advancing
0017-9310/$ - see front matter � 2005 Elsevier Ltd. All rights reserv
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solidification front, the solidification front must obtain
a certain ‘‘critical velocity’’ in order to engulf the parti-
cle, as first observed by Uhlmann et al. [3]. If the solid-
ification velocity is below this critical value, the particle
will be pushed, and if the front velocity is above this
value, then the particle will be engulfed. When it is
approached by the front, the particle will experience
both repulsive forces, pushing the particle away from
the front, and attractive forces, pushing the particle to-
wards the front. The nature of these forces varies
depending on the model. An overview of the different
models is given by Asthana et al. [4] (see also [5,6]).
These differences arise from different models adopted
for the drag (the forces that pushes the particle towards
the interface) and the interfacial force (the force that
pushes it away from the interface).
ed.
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Fig. 1. Computational domain (L, H) has sub-domain (Lf, Hf)
with fine mesh; particle is in the fine mesh sub-domain; the seed
placed at (0, 0) grows into a dendrite.
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Almost all of the theory on particle-front interaction
has relied on the fate of the particle in the following
scenario:

1. The particle is approached by a planar solidifica-
tion front with a constant, well-controlled veloc-
ity (i.e. the material is being directionally solidified).

2. Steady-state particle-front interaction in the period
where the front approaches the particle to distances
where intermolecular forces in the gap separating
the particle from the front become significant [6,7].
Only recently have dynamic models for the interac-
tion been presented and the manner in which engulf-
ment/pushing is determined in steady-state analyses
been re-examined [8–10].

There is some scattered work on examining the more
realistic scenario of how non-planar solidification
boundaries, particularly the ubiquitous dendritic fronts
behave as they interact with embedded particles. There
are few numerical simulations of the non-planar solidifi-
cation front-particle interactions [8–10]. Wilde and Pere-
pezko [11] have experimentally shown that in most
circumstances, particles are more likely to get pushed
at the beginning and then get ‘‘entrapped’’ by sidebran-
ches of the dendrites. In that case, most particles will
be concentrated around grain boundaries. Theoretical
treatments of dendritic growth in the presence of small
particles using the phase field approach indicates that
the grain morphology can be seriously influenced by
the particles and ‘‘dizzy dendrites’’ [12] can be formed.
There is also some work by Kurien and Sasikumar [13]
on the interaction of a growing dendrite with a particle
but quantitative insights are lacking.
In this paper we seek to achieve the following

objectives:

(1) A sharp-interface numerical methodology is
advanced to account for the interaction between
the phase boundary and the particle surface. The
sharp interface capability allows for identification
of the approach and contact of the front with the
particle. The use of levelsets to define the inter-
faces facilitates treatment of such interactions.

(2) The response of a growing dendrite to the pres-
ence of a particle embedded in the melt is studied
in a limited parameter space. The particle is held
stationary, a restriction which is rather limiting
from the point of view of MMC solidification
but which, due to the simplicity afforded, turns
out to be instructive nevertheless. The results for
the system under consideration, i.e. an under-
cooled pure melt, reveal that for particles of the
type used in MMCs (particle to melt conductivity
ratio k ¼ kp

kl
< 1) the dendrite navigates around the

particle and the entrapment mode observed by
Wilde and Perepezko is in fact the most probable
outcome.
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2. Formulation and computational approach

2.1. Governing equations

The configuration adopted in the calculations is
shown in Fig. 1. The heat conduction equation in the
melt, solid and particle regions are solved along with
interface conditions applied on the solid-melt interface,
and themelt-particle interface. The following characteris-
tic scales are used to non-dimensionalize the governing
equations: length scale = X , a characteristic length
scale of the system (specified in Section 3), the time
scale ¼ X 2

aL
, where aL is the thermal diffusion coefficient,

temperature scale ¼ T S ¼ HSL
qcp
, where HSL is the latent

heat of fusion per unit volume, q is the density of the
liquid, and cp is the specific heat of the liquid. The non-
dimensional equations are then the following:
The energy equation in the melt and the solid phase

(matrix material) is:

oH
ot

¼ a�
L=S=Pr2H ð1Þ

where H = (T�Tm)/TS is the non-dimensional tempera-
ture, a* is the non-dimensional diffusion coefficients,
and subscripts �L�, �S� and �P� indicate liquid, solid and
particle respectively. The non-dimensional interface con-
ditions are then:

V N ¼ kL � T S
HSL � aL

� kS
kL

� oH
on

� �
S

� oH
on

� �
L

� �
ð2Þ
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We define a Stefan Number: St ¼ kL �T S
HSL �aL

, and the non-
dimensional interface temperature:

HL;int ¼ �CðhÞj� ð3Þ

where VN, kL, kS, and j* are the non-dimensional veloc-
ity, liquid thermal conductivity, solid thermal conductiv-
ity, and non-dimensional curvature, respectively. The
quantity CðhÞ ¼ rslTm

HSLXT S
ð1� 15e cosðmðh � h0ÞÞÞ ¼ c0f ðhÞ

is the non-dimensional capillarity parameter, rsl is the
solid–liquid interfacial energy, h is the angle with respect
to the x-axis, parameter e regulates the anisotropy
strength and m the symmetry characteristics (i.e. m = 4
for fourfold symmetry) and h0 is the orientation of the
preferred growth direction of the dendrite with the x-
axis. C0 ¼ rslTm

HSLT S
is a capillary length and c0 is its

non-dimensional counterpart. Note that the interfacial
tension has a directional dependency, which reflects
crystalline anisotropy [14,15].
The interface temperature of the particle-melt inter-

face is determined by heat flux balance:

kP
oH
on

� �
P

¼ kL
oH
on

� �
L

ð4Þ
Fig. 2. Method for evaluating the normal gradients at the
interface.
2.2. Computational technique

The computational approach is described in detail in
[16]. A narrow-band levelset [17] is used to represent
each of the embedded interfaces, i.e. the solidification
front and the solid particle. The governing equations
are discretized using the techniques described in [16].
The presence of the interfaces is accounted for by using
the level-set field to redefine the discretization stencil at
computational points that straddle the interface. This
simplifies immensely the task of developing a sharp-
interface methodology for complex interfaces, such as
dendritic fronts. The methodology has been carefully
benchmarked and the dendrites computed have been
shown to match very well with theoretical predictions
of tip characteristics from solvability theory.

2.3. Interfacial conditions

In computing the interaction of a dendrite with a sta-
tionary particle in the melt the key issue is how to deal
with the interfacial conditions which can be of three
types depending on the manner in which the dendrite ap-
proaches the particle: the solid–liquid interface of the
metallic matrix, the particle-melt interface and the parti-
cle-solid interface (when the particle is contacted and en-
gulfed by the solidifying front). In the present sharp
interface approach these interfaces are maintained as
sharp entities and defined by the zero-contours of the
respective level-set fields. Thus, since the interfaces can
be delineated interfacial conditions can be applied pre-
cisely on the interfaces. The normal and curvature val-
ues are computed from the levelset field [17] and
stored on the Cartesian grid. The use of the level-set rep-
resentation facilitates the application of such interface
conditions as described below.
Eq. (3) is used to determine the interface temperature

at the solid–liquid interface if there are no particles in
the vicinity. In the discretization procedure [16], the tem-
perature values are obtained at the locations indicated
by the Ix and Iy in Fig. 2. These locations are obtained
in a straightforward manner from the level-set
information:

xIx ¼ xi;j þ DxI ;; yIx ¼ yi;j ð5aÞ
xIy ¼ xi;j; yIy ¼ yi;j � DyI ð5bÞ

DxI
Dx

ffi
ð/lÞIx � ð/lÞi;j
ð/lÞiþ1;j � ð/lÞi;j

�����
����� ¼

0� ð/lÞi;j
ð/lÞiþ1;j � ð/lÞi;j

�����
�����

DyI
Dy

ffi
ð/lÞIy � ð/lÞi;j
ð/lÞi;j � ð/lÞi;j�1

�����
����� ¼

0� ð/lÞi;j
ð/lÞiþ1;j � ð/lÞi;j

�����
����� ð5cÞ

where /l is a level-set field defined such that /l > 0 in the
liquid, <0 in a solid, and =0 on the interface, and Dx
and Dy are the grid spacing in the x- and y-direction,
respectively. The subscript l is an index representing
the levelset number (for example, the solid–liquid inter-
face may be defined as the first levelset, while the particle
surface is defined by a second levelset). At any point de-
fined by the coordinates given in Eq. (5) the interface
temperature is then obtained from Eq. (3) (using the
value of curvature bilinearly interpolated from the
surrounding grid points).
The solid–liquid interface velocity is determined by

the non-dimensional Stefan condition (Eq. (2)), where
the normal gradients of the temperature oH

on

� �
S=L
at the

solid–liquid interface are obtained using normal probe
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technique presented in detail in Yang et al. [16]. In the
liquid phase, for example, the normal gradient of tem-
perature (to second order accuracy) can be written as:

oH
on

� �
L

¼ 2HL1 �
1

2
HL2 �

3

2
HLI ð6Þ

For each of the interfacial points (i.e. points that straddle
the interface) the interface velocity is computed at the
locations denoted byN in Fig. 2. This location is given by:

~xN ¼~xi;j �~ni;jð/lÞi;j ð7Þ

The locations of the probe points in liquid and solid
phases can be calculated using the following:

~xL1 ¼~xN þ~nN dxL1 ð8aÞ
~xL2 ¼~xN þ~nN dxL2 ð8bÞ
~xS1 ¼~xN �~nN dxS1 ð8cÞ
~xS2 ¼~xN �~nN dxS2 ð8dÞ

Bilinear interpolation is performed from the surround-
ing mesh points to obtain the value of the variable H
at points ~xL1, ~xL2, ~xS1, ~xS2. The normal vector at N, ~nN
is also obtained by bilinear interpolation from the sur-
rounding mesh points. The temperature gradient at the
particle-melt interface oH

on

� �
P=L

in Eq. (4) can be ob-

tained in a similar way. Thus, the Stefan condition
Fig. 3. (a) Second probe point is in a different phase, (b) first probe p
can be used to determine solid–liquid interface velocity
and the heat balance condition can be used to obtain
the temperature at the particle surface using the above
conditions.
The simulations follow a dendrite as it grows to-

wards, interacts with and engulfs a stationary particle
in the melt. When the solidification front approaches
close enough to the solid particle the two normal probe
points required to extract gradient information in Eq.
(6) may no longer lie in the liquid phase. Therefore,
when contact between the solidification front and the
particle is imminent special treatment is needed to up-
date the motion of the solidification front. In the current
framework, using the level-set information, it is a simple
matter to detect when this type of situation arises. For
example, once the probe point locations are determined
(Eqs. (8a) and (8b)) for the solidification front on the li-
quid side, the value of the level-set defining the particle is
computed at that point (using a bilinear interpolation)
from the surrounding grid points. If the level-set value
(for the particle) at that point happens to be negative
then that probe point lies inside the particle and there-
fore is not available for computation of the gradient in
Eq. (6). When only the second probe point P2 lies inside
the particle but P1 lies in the liquid, then as demon-
strated in Fig. 3(a), the gradient is obtained using only
oint is in a different phase and (c) amplified snapshot from (b).
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one probe point in the liquid phase. This leads to a first
order estimate for the gradient. In this case, only two
points, i.e. the first probe P1 and interface point N are
available for calculation of the temperature gradient.
As the gap between the dendrite and the particle
narrows and the first probe point P1 is also inside the
particle, then contact is considered to have occurred,
i.e. the gap between the front and particle is less than
one grid spacing. Thus, the first probe point is now
placed on the point M2 (Fig. 3(b)) which lies on the
particle surface and the two interface points N and
M2 are used to obtain the normal gradient of the
temperature. The particle interface point M2 is located
at:

~xM2 ¼~xN þ~nN dxNM2 ð9Þ

where the distance dxNM2 is given by:

dxNM2 ¼
ð/PÞN
cosx

ð10Þ

Where (/P)N is the value of the distance function corre-
sponding to the particle surface computed at the point
N, i.e., the distance jM1Nj as illustrated in Fig. 3(b),
and x, the angle \M1NM2 as illustrated in Fig. 3(b),
is given by:

x ¼ ATAN ABS
ðnyÞP
ðnxÞP

� ðnyÞF
ðnxÞF

� �� 	
ð11Þ

In Eq. (11) (ny/x)P is the y/x component of the normal to
the particle surface (i.e. computed from the level-set field
defining the particle surface) computed at the solid–
liquid interface point N. Similarly (ny/x)F is the y/x
component of the normal to the solidification front com-
puted at point N. In general, due to the curvature of the
particle surface the point M2 will not lie exactly on the
particle surface. Therefore the closest point on the parti-
cle surface, denoted M3 in Fig. 3(c) is identified and the
temperature at that point is chosen as the particle sur-
face temperature. This point M3 can be easily located
(see illustration in Fig. 3(c)) using the following
equation:

~xM3 ¼~xM2 þ~nM2ð/PÞM2 ð12Þ

where~nM2 is the normal at point M2 with respect to the
particle interface.
The value of the temperature at the point M3 is ob-

tained from the heat flux balance at the particle surface.
This is described below.
The solid–liquid interface is taken to be in perfect

thermal contact in the situation illustrated in Fig. 3(b).
Therefore, when the gap between the phase boundary
and the particle is less than a grid spacing the tempera-
ture at point N is taken to be equal to that at the point
M3. Then, the following conditions are satisfied:

H ¼ H ð13Þ
N M3
and heat flux balance:

kP
oH
on

� �
P

¼ kS
oH
on

� �
S

ð14Þ

In discrete form the above equation is

kP 2HP1 �
1

2
HP2 �

3

2
HM3

� �
¼ kS 2HS1 �

1

2
HS2 �

3

2
HN

� �

ð15Þ

Using Eq. (13):

HN ¼ HM3 ¼
4ðkSHS1 � kPHP1Þ � ðkSHS2 � kPHP2Þ

3ðkS � kPÞ
ð16Þ

Here the values of temperature in the particle and solid,
i.e. HP1, HP2 and HS1, HS2 respectively are again com-
puted using bilinear interpolation from the surrounding
grid points.
3. Results

3.1. Computational setup

The computational domain (of extent L · H units,
where L = H = 10) is shown in Fig. 1. The length scale
here was chosen to correspond to typical dendritic tip
radius scales (and to typical particle size ranges in
metal-matrix composites). Therefore X = 1000C0 was
chosen where C0 is the capillary length. Therefore the
tip radius in this scale is order 1 and the simulations per-
formed below can be viewed as representing interactions
between dendrites and particles of radii comparable to
the dendrite tip radius. This amounts to particles in
the micron to 10 micron range for commonly used phase
change materials (such as succinonitrile). A sub-domain
(Lf ·Hf, where Lf = Hf = 4) has fine mesh with a fixed
particle in it. The mesh density (400 · 400 in fine mesh
sub-domain) employed for the calculations was chosen
based on grid refinement studies and on the convergence
studies for dendritic growth presented in [16]. The melt
is initially uniformly undercooled and a seed crystal is
placed at the origin as shown in Fig. 1, which eventually
grows to form a dendrite. Symmetry boundary condi-
tions are set at the left and the bottom boundaries.
The temperatures of the upper and the right boundaries
are fixed at the undercooling temperature. This setup is
used to perform the numerical simulations of the den-
dritic solidification in the presence of the embedded par-
ticle. The results are obtained below for solidification
using different particle sizes, dendrite orientation,
strength of solid–liquid interfacial energy (i.e. dendrite
tip radius and velocity) and particle to melt conductivity
ratio k. In each case an undercooling of D = �0.55 is
imposed on the boundaries and the initial melt. Note
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that this undercooling is high in comparison to practical
crystal growth conditions.
Fig. 4 shows the interaction of a dendrite with a par-

ticle (of radius 0.4) embedded in the melt. In this case the
growth parameters are c0 = 0.000925, e = 0.1, h0 = 45�,
k = 0.01. To examine the most general situation the den-
drite has been allowed to grow in a direction that leads
to an interaction that is not head-on with the particle.
The value of particle to melt conductivity ratio
(k = 0.01) chosen corresponds to a typical Aluminium-
Silica metal-matrix composite. It is observed that the
dendrite grows in the specified growth direction, estab-
lishes a steady-state tip velocity and radius and ap-
proaches the particle unhindered until the thermal
boundary layer contacts the particle. In the case shown
in Fig. 4, i.e. when k < 1, the presence of a particle of
poor conductivity causes the dendrite to deform and
navigate around the obstruction to heat flow. From
the point of view of solidification, this is expected, since
Fig. 4. Solid–liquid interface shape when interacting with embedd
the dendrite will grow in the direction of largest heat flux
and the particle discourages heat flow through it. How-
ever, from the viewpoint of particle-front interaction
theory this result is interesting. Almost all analyses
of particle-front interactions deal with planar (non-
dendritic) solid–liquid fronts approaching a particle in
idealized and controlled growth conditions (such as
directional solidification in small samples). According
to fairly well established planar front-particle interaction
theory [4,6–9], in the case where k < 1 the particle should
get pushed ahead by the front. This is due to the shape
assumed by the planar interface as it approaches the par-
ticle in the directional solidification setting and the
resulting intermolecular repulsion forces that tend to
push the particle away from the front. This repulsive
force is opposed by a hydrodynamic drag force primar-
ily arising from the flow of melt in the gap between the
front and the particle. However, provided the repulsive
interaction between the particle and the front is strong
ed particle with: k = 0.01, RP = 0.4. Time interval Dt = 0.03.
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enough to overcome the restoring drag force the particle
will move away from the front. Conversely, for typical
systems, when k > 1 the particle will be ‘‘engulfed’’ by
the planar solid–liquid interface. These scenarios of par-
ticle-front interactions are experimentally observed and
theoretically justifiable in directional solidification sys-
tems in pure materials [18,19]. For practical solidifica-
tion processes such as castings, whether for pure
materials or otherwise, where: (1) the planarity of the
interface cannot be maintained and the cellular/den-
dritic growth regimes are the norm, and (2) the some-
Fig. 5. Solid–liquid interface shape when interacting with embed
what restrictive heat flow conditions applicable to the
directional solidification system do not exist conclusions
from particle-front interaction theory regarding push-
ing/engulfment may not be applicable. In fact, under
such growth conditions, the ‘‘entrapment’’ mode of par-
ticle-front interaction may be more likely [11]. This third
mode of interaction implies that the particles are trapped
between the sidebranches of dendrites and upon comple-
tion of solidification are typically segregated at grain
boundaries. There is however little theoretical under-
standing of the interaction of non-planar fronts with
ded particle with: k = 1, RP = 0.4. Time interval Dt = 0.03.
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particles in the melt in a general solidification setting. In
this context the present simulations offer useful insights
as discussed below.
In particle-front interaction theory pertaining to a

planar interface approaching an initially stationary par-
ticle, the pushing/engulfment/entrapment behaviour is
determined by the strength of the intermolecular (van
der Waals [6]/disjoining pressure [20]) interactions be-
tween the solid and the particle across a melt gap. This
melt gap needs to be of the order of the interaction
length scales (typically tens of nanometers [7,21]) for
the interactions leading to pushing to occur. In the case
shown in Fig. 4 however, the solid–liquid interface in
fact can not get close enough to the particle to activate
the particle pushing mechanism. The front chooses to
go around the particle and finally the particle gets ‘‘en-
trapped’’ by sidebranches. The Fig. 4(a)–(d) show the
progression of the dendrite around the particle. In these
Fig. 6. Tip characteristics of a dendrite as it approaches the particle.
particle and the dendrite. (a) Dendrite tip velocity against time for k =
tip radius against time for k = 0.01, (d) dendrite tip radius against tim
figures, the circle represents the particle, the dotted line
represents the shape of the dendrite tip and the solid
lines represent the isothermal contours in front of the
dendrite tip. It is noticed that when the front is
approaching the particle a pool of melt of significant
thickness forms between the front and the particle there-
by slowing the contact between the solid–liquid interface
and the particle. Therefore, it is likely that, at least under
the present growth scenario leading to dendritic growth
in a pure material, the dendritic tip as well as the side-
branches of the dendrite will encircle the particle even
before the pushing interaction can be activated.
For particle-melt thermal conductivity ratio k P 1,

the scenario is different. Fig. 5 shows the process of
the interaction of solid–liquid interface with k = 1 and
other parameters the same as for Fig. 4. In this case,
since the particle and melt properties are the same the
dendrite does not feel the particle prior to approach.
The vertical dotted line shows the time of contact between the
0.01, (b) dendrite tip velocity against time for k = 1, (c) dendrite
e for k = 1.



Fig. 7. Zoomed in view of the solid–liquid interface shape when
interacting with embedded particle. (a) For the situation shown
in Fig. 4(a), k = 0.01. (b) For the situation shown in Fig. 5(c),
k = 1.0.
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In fact, here the ‘‘contact’’ conditions (Eq. (13)) between
the dendrite and the particle are called into play. This is
clearly seen from the isotherm contours in Fig. 5(a)–(f).
The contours run smoothly through the particle and no
preferred heat flow direction is established for the den-
drite. In fact, in this case the presence of the particle,
after contact appears to homogenize the heat flow and
the front wraps around the particle in a nearly uniform
fashion as it continues to solidify. The solidification
front therefore adjusts its shape to fit the particle shape
until it finally encloses the particle. Further growth then
ensues with a newly formed tip that will continue to
grow in the preferred growth direction (due to interfacial
energy anisotropy).
For the cases in Figs. 4 and 5, the dendrite tip

velocity and tip radius are recorded before the solid–
liquid interface hits the particle and thereafter. The
tip velocity (Fig. 6(a)), for the case with k = 0.01 drops
as the front approaches the particle. This retardation is
because the particle hinders heat flow through it. The
time when the dendrite begins to interact with the par-
ticle corresponds to the drop in velocity and increase in
tip radius (Fig. 6(c)). The dotted vertical line shows the
time when the solid–liquid front has begun to navigate
around the particle. After this point (corresponding to
4(a)) it is difficult to identify a ‘‘tip’’ for the dendrite
until it has crossed the particle and has recovered to
a symmetric steady-state shape again (as in Fig. 4(d)).
For k = 1, on the contrary, the dendrite tip velocity re-
mains unaffected as it approaches the particle and con-
tacts it at the instant marked by the vertical dotted line
in Fig. 6(b). Following the contact the leading part of
the solidification front rapidly wraps around the parti-
cle (as seen by the steep increase in the velocity of the
leading point of the front). This is because the solidifi-
cation front assumes a sharp tip after contact and
therefore travels rapidly around the particle.
Fig. 7 shows a detailed view of the region of interac-

tion of the dendrite with the particle. Fig. 7(a) shows the
dendrite tip and particle in the region of interaction (see
Fig. 4(a)) for k < 1. The presence of a film of melt be-
tween the solid–liquid front and the particle is seen in
the figure. Also shown in the figure are the isotherms.
Clearly the melt pool between the particle and front is
a region of relatively warm fluid and small temperature
gradients. This pool will therefore solidify rather slowly.
The higher temperature gradients are away from the
interface and drive the trip around the particle. There
are still sufficient mesh points that resolve the film. In
the case of k = 1, i.e. as shown in Fig. 5, the solid–liquid
interface and the particle are in ‘‘contact’’, i.e. there is no
liquid film that remains between the interfaces and the
zero-levelsets corresponding to the two interfaces are
less than one mesh cell apart. The contact condition
(Eq. (13)) is imposed at the solid–liquid and particle-
melt interface that are less than a mesh cell apart, (i.e.
we consider that the solidification front has perfect ther-
mal contact with the particle).
Figs. 8 and 9 show the interaction of a dendrite with

a particle placed in the melt, the difference in the two
cases being the particle radius. In Fig. 8 the particle
radius is 0.2 while in Fig. 9 it is 0.1. Other parameters
are c0 = 0.000625, e = 0.1, h0 = 45�, k = 0.1. Figs. 8(a)
and 9(a) show the evolution of interface shapes as the
dendrite grows around the particle. Figs. 8(b)–(e) and
9(b)–(e) show the isotherms during the evolution of
the interface. The sidebranching activity in this case is
enhanced due to the smaller surface tension used in these



Fig. 8. Dendrite-particle interaction with particle of radius RP = 0.2, thermal conductivity ratio k = 0.1, capillarity parameter
c0 = 0.000625, (a)–(e) time interval Dt = 0.03.
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cases when compared to Figs. 4 and 5. In each case the
tip of the primary dendrite is split by the particle and
leads, in this 2-dimensional case to the further progres-
sion of two independent tips which are separated by a
groove of melt. It is seen that the smaller the particle,
the less intense the sidebranching caused by the particle
because the tip is less disturbed by the particle. It is also
observed that the pool of melt surrounding the particle
is narrower for the smaller particle for the same reason.
Therefore the possibility that the repulsive interactions
responsible for particle pushing will occur is perhaps
higher for the smaller particles than for the larger parti-
cle. In general, even for planar fronts small particles are
more likely to be pushed than larger ones [4].
Figs. 10 and 11 compare the effect of increasing the

thermal conductivity ratio for a particle of radius 0.2 ap-
proached by a dendrite. In these cases c0 = 0.0025,
e = 0.1, h0 = 0�. For the case in Fig. 10 k = 1 while in
Fig. 11 k = 10. In Fig. 10 the dendrite does not see the
particle until contact. Following contact the dendrite re-
sumes formation of parabolic tips. The presence of the
circular particle homogenizes the heat flow directions



Fig. 9. Dendrite-particle interaction with particle of radius RP = 0.1, thermal conductivity ratio k = 0.1, capillarity parameter
c0 = 0.000625, (a)–(e) time interval Dt = 0.03.
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after contact however and two mutually perpendicular
tips arise due to the fourfold crystalline anisotropy.
Note that prior to contact with the particle, as in
Fig. 10(b) the heat flow is transparent to the presence
of the particle. In the case of k = 10, shown in Fig. 11,
the presence of the particle in effect accelerates the den-
drite tip as it approaches the particle. In this case the
dendrite tip contacts the particle in a manner similar
to that for k = 1. A key observation in these cases is that
the curvature of the solid–liquid interfaces for all of the
above simulations, i.e. for the range of 0.01 < k < 10 is
opposite in sign to the curvatures for the directional
solidification cases. The curvature of the interface (due
to the influence of k) has a significant effect on the push-
ing/engulfment behaviour of particles. Therefore it re-
mains to examine what implication the reversal of the
sign of curvature in the current undercooled melt simu-
lations (in comparison with previous directional solidifi-
cation studies) will have on particle-front interactions.
The present study focussed on developing the ability to
compute the interaction of a dendrite with a particle
using a sharp-interface technique. In future work the



Fig. 10. Dendrite-particle interaction with particle of radius RP = 0.2, thermal conductivity ratio k = 1, capillarity parameter
c0 = 0.0025, (a)–(f) time interval Dt = 0.03.
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dynamics of the particle due to the forces acting between
it and the solid–liquid interface will be included to exam-
ine the coupling between dendrite growth and particle
motion during dendrite-particle interactions.
4. Summary

A sharp interface level-set based method is pre-
sented for the numerical simulations of interaction of
dendritic fronts with stationary particles in the melt.
The use of levelsets to define and track interfaces facil-
itates maintaining sharp interacting interfaces, and
treatment of contact between the interfaces. A limited
region of parameter space has been covered in this
paper. The dendrites were grown in an undercooled pure
melt. This system is different from that typically
employed in particle-front interaction theory and exper-
iment where directional solidification is employed to
control interfacial motion. In such cases the planarity
of the interface is sought to be maintained and much
of the theory of particle-front interactions therefore



Fig. 11. Dendrite-particle interaction with particle of radius RP = 0.2, thermal conductivity ratio k = 10, capillarity parameter
c0 = 0.0025, (a)–(e) time interval Dt = 0.03.
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has been developed in that setting. In the scenario ex-
plored in this paper, where unstable (dendritic) fronts
interact with the particle rather than stable (planar)
fronts conclusions from particle-front interaction theory
may not apply. In particular, the current results indicate
that for undercooled melts and a particle to melt con-
ductivity ratio k < 1 the dendrite tends to navigate
around the particle and a melt pool is formed be-
tween the particle and the front. The closure of the
melt pool occurs over a time that is long compared
to that required for the dendrite to ‘‘entrap’’ the parti-
cle within its sidebranches. In the cases studied the tip
velocity and curvature of the dendrite and hence the
manner in which it interacts with the particle is deter-
mined by the value of k. For k < 1 the tip is decelerated
by the particle; for k = 1 the tip does not feel the parti-
cle; for k > 1 the tip is accelerated by the particle. These
responses are reversed with respect to the situation typ-
ically employed in particle-front analyses of directional
solidification and planar fronts. Interactions of dendrites
with particles that are free to move in the melt will be
further examined in future work.
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